Modern Control Theory

Model Predictive Control (MPC)
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Standard MPC performance index

The MPC controller minimize the standard performance index at time £:

Np—1 Np—1 N.—1
Y 2l k+0)Q@)z(k+i)= > 2 (k+i)z(k+i)+ Y 23 (k+i)za(k+1i)
1=0 i=Nm i=0

where

zq reflects tracking error and z9 reflects the control action,
zj(k 4 1) = zj(k + i|k) is prediction of z; (k + 7) at time k.
N, prediction horizon

N,,, minimum control horizon

N.. control horizon
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Control horizon performance index

Choose

Q- = dlan (Q-]_:QQ) — dlc':lg (INP: INC: ONp—Nc) ’ Q'Q — dlan (INC? ONp_NC)

Then
N,—1
Q5 ( 2{: k4 1)z (k4 1)
— NC
i=0
s.t.
2 (k)Qz(k) = 2 (k)21 (k) + 25 (k)Q272(k)
N,—1 Np—1 N.—1
Y Ak +0)Q)z(k+i)= > 2 (k+i)za(k+i)+ Y 23 (k+i)za(k+1)
i=0 i=0 =0
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LQPC performance index

k Cix(k
(k) = z(k)| _ | Crz(k)
Zz9 (A) Dlg’l}(k)
Choose € = I
Let Q = C?C’l, R = D!{QDIQ
Then
T (R)QE(k) = 2 (k)21 (k) + 25 (k) 22 (k)
N,—1 N,—1
S M k+)Qi)zk+i) =Y 2 (k+i)z(k+i)+ 25 (k+i)z(k + 1)
i=0 i=0
N,—1

= > 2" (k+i)Qx"(k+ i)+ v (k+i)Ro(k +1i)
1=0
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GPC performance index

(k) = z1(k) _ Cha(k) —r(k)
2o (k) Do Au(k)

Choose ) = diag (Qh QQ) = diag (Qh I), QO = diag (ONm; ]Np—Nm)
Then

T 1NO=(1. — =T 711:N\0O. = (1. TNz (1.

2T (R)QE(k) = 2T (k)0 21 (k) + 21 (k) Za(k)

Np—1 Np—1
S TR+ Q) (k+i) =Y (plk+i) —r(k+1i) (nlk+i) —r(k+1))
1=0 1=Nm
N,—1
+ Y Au"(k+ i) RAu(k + i)
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Prediction of controlled variable

Let us consider

r(k+1)=ox(k)+Twv(k)
a1 (k) = (k) — (k)
zo(k) = Digv(k).
where 1)(k) = Cx(k)

Let

r(k+ N, — 1)

o]
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Prediction of controlled variable

Also let

and

(k)

n(k)

_n(k + N, —1)
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Prediction of controlled variable

Consider state predictions

w(k +1) = dx(k) + Fav(k)

w(k42) = dx(k+ 1)+ Tov(k 4+ 1) = &%x(k) + ®Lyv(k) + Dav(k + 1)

w(k+ N, —1) = &No 2o (k) + [cpr—er SN, T
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Prediction of controlled variable

Thus

where

_ T -
d
| xk) +
(I)Np—l
I'>
Pl I's

(I)NP_QFQ (I)Np—:SFQ

M

I
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Prediction of controlled variable

Then
- =~ = Onmx-nu(Np—l) Onmxfnu -
n(k)=Ciz(k) = Vva(k) + C | U (k)
i M Oﬂ-x(Np—l)Xnu_
where
_ 7 _
- - P
V=Cd=0C |
HNp—1

o]
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Prediction with control from 10 models

v(k) =u(k),u(k +i) =u(k+N.—1)fori = N.,...,N, — 1
D =D, 'y =120, C1 = Chio, D12 = D120

In'uNc ~
B (k) = T (k) = a(k)
[O'Tlu(Np_Nc)X(”uNc—l) 1”%(NP_NC)X1
Thus
n(k) =Vvark)+ 0,,u(k)
where

- () 0 I-nuNC

ﬂ[ 0 _[O?l'u(Np—Nc)X(nuNc_l) 1n.u(Np—NC)X1:|
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Prediction with incremental control from 110 model

v(k) = Au(k), Au(k 4+i) =0fori = N.,..., N, — 1
P =D, Lo = 1200, C1 = Cliio, D12 = Di2iio

- - I-nuNc -
’Ua(k) = A?La(k) = A’U»(}ﬁ)
_On.u(Np—NC)_
Thus
(k) = Ur(k) + 0,0 Au(k)
where i o )
~ 0 0 1,
O, = (4 wHe
M 0 Oﬂ,u( N,—N.)
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Prediction with incremental control from 10 model

v(k) = Au(k), Au(k +1i) =0fori = N.,...,N, — 1
O = (1)'20 FQ —FQ 107 Cl Cl 103 DlQ :D12,’io

x(k+1) =dz(k) + au(k)
z1(k) =n(k) —r(k).

(k) = Cr(k)

o]

|.
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Prediction with incremental control from 10 model

Let
u(k)

u(k) ;
u(k) = . g (k) = u(k+ N.—1)
u(k+ N.—1) :

uw(k + N, —1)
Au(k)
Au(k) = = u(k) —u(k —1)
Au(k + N.—1)

Adi, () = Au(k)

] g (k) = tiq(k —1)

O (N, —NL)

o]

|.
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Prediction with incremental control from 10 model

Then ) )
i(k) = dx(k) + oY o (k)

M 0

and -_ -_
i) = Wk + Gy | | k)

M 0

o]
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Prediction with incremental control from 10 model

Note

u(k —1)
R _ u(k —1) 0 0]
Ua(k—1) = : = [ } + [I } Ug ()

O (N, —1)x e (N,—1) 0
u(k+ N, —2)

and

Uo(k —1) = =Aa, (k) + ,(k)

0 o\ ,, w(k —1)
Toon, — (k) = Adig (k) +
Ly n,—1) O 0 (Np—1) x 1

o1k i
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Prediction with incremental control from 10 model

- 4\ -1
0 0 k—1
dn(k) = [ Ln, — A, (k) + ulk=1)
nuNp-1) 0 0

: - w(k = 1))
0 0 ) |
= (IHUNP — ) A’Uza(k) +

Iy, n,—1) O
- u(k —1)

Thus

o]
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Prediction with incremental control from 10 model

o]
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Prediction with incremental control from 10 model

- - - -\ —1
~ 0 0 0 0
|:@ X] = (4 InuNp —
ﬂ[ O I-nu (Np —1) O
and i i
0
L'y
0=, |
Sy T, I's
DA PRI DAl P

o]
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Prediction with incremental control from 10 model

Note
[@ x} A (k) = OAa(k)
and
.
L'y
u(k—1) -
o x| —TYu(k—1)=Cy | |u(k—1)
_O'Tlu(Np—l)Xl_ Zf;:co (I)ZFQ
_EED_Q (I)iFQ_

o]
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Prediction with incremental control from 10 model

Then

C
M 0 Oﬂ.u(Np—l)Xl

0 o}u ( i [u(k—l) D
u,(k) =0 | Au, (k) + = QAu(k)+ Tulk —1)

It is immediate to find

n(k) =VYx(k)+ Yulk—1) + OAu(k)

o]

|.
I_I_
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Performance indexes

Now, define

Cio(k) = 7(k) = 1(k) + Oiou(k) = 7(k) — Wz(k)
5iio(k) — F(l") ('Z")_f_@aw&u('l“) ?‘:(A) \IJ:I‘(A)
é(k) = 7(k) — (k) + OAU(K) = 7(k) — Va(k) — Yu(k — 1)

Then, it is immediate to find the performance indexes for each case:

L (k)QE(E) = ZF (k)20 (k) + 22 () Qa 22 (k)

J N'U QEcietm
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Performance indexes

e.g.
We find
FP()Qz(k) = 28 () 2 (k) + 21 (k)Qa2, (k)

= (i(k) = #(k))" Q (i(k) — 7(k)) + Au” (k) RAG" (k)

— (OAGk) — (k)" Q (OAu(k) — é(k)) + Aa” (k)RA@T (k)
s.i.

L ()Qz(E) = ;A&T(k)HAiET(k) + Al (k) f + f,

where

H=20"Q0 +R), f=-20"Qc(k). f,=c"(k)Qc(k).

Ol X CHOH1
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Constraints

e |nequality constraints
Umin < ’U,(k) < Umax s ArU-'ﬂmin < AU(A) < Aumax

Tlmin S ?](11/) S Thnmax s Lmin S T(lv) S Lmax

Ab(k) < b(k)

e Equality constraints: motivated by control algorithm itself
Control horizon constraint: Au(k + i|k) = 0forz > N..

The state end-point constraint: 77(k + N, — 1|k) = 75

Note:
wk+i)=uk+N.—1) fori > N.—1 stuk+N.—1)=---=ulk+N,—1)

Ol X CHOH1
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Constraints

e Constraints for the output:
n<=n<1.
e The constraints on the control and and its rate:
u<ulk+i)<u
and
Au < Au(k +1i) < Au
fore =0,1,....N.— L.

e Constraint associated with the control horizon N .:
Au(k+i) =0, i =N....,N,—1

Note: We use inequalities between vectors as the element-wise inequalities (i.e.,n <7 <1 <

n; <mn; <mforg=1,...,ny).

Ol %k
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Constraints

Multiple inequality constraints can be combined by stacking

A

(k) <7, (F)

7}m, (l") S T_??rz, (l")

/

UNICON LAB, Unmanned & Intelligent systems Control Laboratory
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Constraints

Two-sided inequality constraint

can be translated into one-sided inequality constraint

n(k) =

m(k) -

T (k)_

UNICON LAB, Unmanned & Intelligent systems Control Laboratory
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Constraints

Assumed that the constraints over outputs, inputs and actuator slew rates are given by

G?]ﬁ(}l) S g1
GAiLAﬂ(A) S g3

where G, G, and G A, are matrices to represent each constraint.

Then, the constraints need to be described in terms of the decision variable © (u or Au)

Note: For future values we use the predicted values

OI|XA| CHOH 1
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Constraints

eg. G,n(k) < grintermsof v(k)
Using n(k) = Ya(k) + ©Au(k) leads to

Gyn(k) = Gy (Zn(k) + OAu(k)) < g1

Using (k) = VYax(k) + ©;,u(k) leads to

Gon(k) =G, (=Enk) + Yulk —1) 4+ Ou(k)) < g1

Using 7j(k) = Yo (k) + Yu(k —1) 4+ 0,;,,Au(k) leads to

G,n(k) =G, (Zn(k) + Tulk—=1) +0;;,,Au(k)) < g4

ol X okl
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Constraints

eg. Guu(k) < gsintermsof Au(k)

we find
~1 -u(k’ — 1)-
: 0 0 5
u(k) = I’nuNc — A’U,(k) +
In, N.—1 0
u( c )
u(k —1)
Thus
—1 _u(k‘ — 1)—
0 0
Gu InuNC - A'&(k)+Gt¢ — FdAﬁ(k)+FOQL(k—1) S QQ
Inu(Nc—l) 0
u(k —1)

FyAu(k) < gy = go — Fou(k —1)

ol X okl
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Constraints

eg. GayAu(k) < g3intermsof u(k)

we find
0 0 u(lk —1
A”&Uﬂ) = I'nuNc — ﬂ(;{) — L( )
Ly, (n.—1) O 0,0 (No—1)x1
Thus
) 0 o]\ w(k —1)
GauAu(k) = Gau | Ln, N, — u(k) — Gay
Ly, (n.—1) 0 0y (No—1)x1
0 0\ _ , u(k —1)
GAu nuNe. — u(k) < g3 — g3 + GAu
L, n.—1) 0 010 (N.—1)x1

UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U
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Constraints

The constraints can then be rewritten as

ANG(k) < b(k) = by + B |u(k — 1)

with appropriate matrices and vector A, B, and b,,.

ol X okl
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Standard MPC Problem

The standard MPC performance index at time &:

Np—1 N.—1
FR)Qzk) = > 2 (k+)u(i)z(k+i)+ Y 23 (k+1)Q2(i)z2(k+1)
?::i?\'r?n 1=0

The MPC optimization problem

~ 1
min ET(]?) Z(k) = §ﬁT(k7)H€’T(k) + ’aT(k)f + fo

A
st Av(k) < b(k)
Then, the optimal control is

u* (k) =v*(k)ifv=u

u*(k) = (1—qg )7 tAu*(k) = Au* (k) +u(k —1) = v* (k) +u(k —1)ifv = Au

ol X okl
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Standard MPC Problem

Given n(k), r(k), u(k — 1), find a* (k) or Au* (k)

through the optimization problem

~ 1
min 21 (k)Q2(k) = 50" (k) HO' (k) + 0" (k) f + fa

st. Av <b
Then, the optimal control is
u (k) =v*(k)ifv =u
u (k) = Au* (k) +u(k —=1) =v*(k) +u(lk —1)ifv = Au

UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U
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Unconstrained MPC problem

Given n(k), r(k), u(k — 1), find u* (k) or Au* (k)

through the optimization problem

~ 1
min 21 (k)Q2(k) = 50" () HO" (k) + 07 (k) f + £,

Then, the optimal soln. is

v (k) =—-H"1f
and the optimal control is
u*(k) =v*(k)ifv =u
w* (k) = Au*(k) +u(k —1) = v*(k) + u(k — 1) ifv = Au

UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U



Constrained MPC problem

Given n)(k), r(k), u(k — 1), find «* (k) or Au*(k)

through the optimization problem

~ 1
min 27 (k)Q3(k) = 07 (k) HT () + 07 (k) f + /.

st. Av <b

The optimal soln. v* (k) is computed using QP solvers

Then, the optimal control is
u*(k) =v*(k)ifv=u
u*(k) = Au*(k) +u(k — 1) =v*(k) + u(k —1)ifv = Au

OIX LB 1
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Stability

Assume
the model is perfect
(P, I'y) controllable

(P, C'1) observable

Can the optimal solution guarantee closed loop stability?

How to attain closed loop stability?
_ Terminal constraints

_ Infinite horizon

UNICON LAB, Unmanned & Intelligent systems Control Laboratory



Terminal constraints ensures stability

Let the terminal constraint z(k + N, — 1) = 0.

Consider
N,—1 N,—1
V(k)y=z2"(k)z(k) = Y J(a(k+i)ulk+i) = > =" (k+i)z(k+1i)
1=0 2=0
where

T(@()u() = 27 ()2() = 0
and J(xz(-),u(-)) = 0onlyif=0and u = 0.

Let V* (k) be the optimal value of V' (k) with the optimizer ™ (k).

Clearly, V*(k) > Oand V*(k) = O only if (k) = 0 (then, the optimal soln. is to set
u(k + 1) = 0forall 7)

OIX LB 1
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Terminal constraints ensures stability

Now, consider

N,—1
Vik+1)=2"(k+ Da(k+1)= > J(@(k+1+14). u(k+1))

1=0

Note

Np—1
V*(k + )—mmz (k+1)z(k+1) —111111 Z J(x(k+1+7),ulk+1+1))

—111111(ZJ (k4+12),u(k+1))

+ J@((k+1)+ N, =1 u((k+1)+ N, —1)) — J(a:(la:),u(k)))
< V*(k)

Thus V* (k) is a Lyapunov fen. and (-, u) = (0, 0) is stable.

ol X okl
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Terminal constraints ensures stability

AECEANTD
O T O u

(k) = Cra(k) + Disu(k) = [2 o] 2(k) + u(k)

e.g.

r(k+1) =

Let N, = 1.

(k) = 2(k) = 2T (k)CT Cra (k) + ul (k)DL Disu(k) + 227 (k)CL Digu(k)

0z1
du
w=—(DhDy) " Cra = [_2 o] (k)

= DI,Dysu+ DLCiz =0

ol X okl
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Terminal constraints ensures stability

The closed loop becomes

r(k+1) = [_2 O} (k)
1 0

The optimal soln. results in clp instability

Add a terminal constraint z(k + N, — 1) = --- = 0. Then

k=7 =]
' oo o

Adding a terminal constraint can guarantee clp stability

Exercise: What happens if we choose N, = 2

UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U



Terminal constraint set

Terminal constraint set: X f

Use PC to derive the states into Xf that includes the origin.
All the constraints become inactive in Xf

Use some other controller that guarantees stability: “Dual-mode PC”

Note: All MPC which guarantee clp stability have terminal sets.

OI|XA| CHOH 1
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Infinite horizons: principle of optimality

Finite horizon:
Principle of optimality does not apply because there a different optimization problem arises
at each step.
At time k, an optimal trj. is computed over the prediction horizon of length V..
Attime k + 1, with a perfect model, z(k + 1) = x(k + 1|k).

However, a new information r(k -+ Np) enters and may lead to an optimal trj. very

different from the one computed at time %, which had not been considered at time £
Infinite horizon

Principle of optimality applies: the optimal trj. is hot changing
At time k, an optimal trj. over the whole prediction horizon is determined

At time k& -+ 1, no new time interval enters the optimization, so the optimal trj. is not

changed:

OI|XA| CHOH 1
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Infinite horizon gives stability:

For a stable system

r(k+1)=dx(k)+ Iyw(k)
Zg(k) — Dlg’l}(k)

Conditions for control:

Au(k+i)=0 fori> N, —1
uk+1) =ulk+1—1) for i >N, —1

u(k+1)=0 for e > N, —1 (zero steady state)

(o] p.c
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Infinite horizon gives stability:

Let us consider the 110 case: v(-) = Au(-)

V(k) = i ZT(k +1)z(k + 1)

(" (k+ i)n(k +i) + o' (k+ i) R(i)v(k + 1))

N,—1
=Y 2T (k+0)Qu(k +i)+ Y AuT(k+i)RAu(k + i)
=0 i=0
oo N,—1
ST+ ) k) + Y (Aut(k+1)" RAW (k + )
=0 i=0

o1k i
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Infinite horizon gives stability:

o0 Np—1
Vik+1)= Z?]T(k +1+imk+1+14) + Z Aul (k+1+ i) RAu(k + 1 +1)
=0 1=0
= 0" (k+ ik +i) —n" (k)n(k)
=0
Np—1
+ Y AuT(k+ i) RAu(k + i) + Au" (k + N,)RAu(k + N,)
1=0
— Aul'(E)RAu(k)
= 0" (k+ ik + i) —n" (k)n(k)
1=0
N,—1
+ ) Al (k+ i) RAu(k + i) — Au” (k) RAu(k)
1=0

=V (k) — ' (E)n(k) = Aut (k) RAu(k)
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Infinite horizon gives stability:

[
Thus

ViE+1) < V*(k)

which implies ||« (%)|| decreasing.
The condition (®, C'y) observable (x observable from z1) implies ||z* (k)| is decreasing.

Thus V* (k) is a Lyapunov function for the closed loop, which shows that the clp is stable.

For a unstable system, the unstable mode must be driven to 0 within Np steps, which are

uncontrolled for 7z > Np — 1 s.t. the cost becomes infinite
the unstable modes must be controllable

N, > £ unstable modes

OI|XA| CHOH 1
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Constraints and infinite horizons

For a stable system, let us consider the cost fcn:

oo

> 0tk + ik +4) + Au” (k+ i) RAu(k + i)

—

—
a3~

P
|

£ 30 (0" o+ Dl + ) + AT (k + DRAu(k + )

1=0

o]

Ful

d



Constraints and infinite horizons

Since Au(k +1i) = Oforz > N, — 1, we have

2(k+ N,) = Cix(k+ N,)

s.t.
Z nl(k+imk+1i) =x (k + N,) (Z(Q)T)ic’{cl(ﬁ’i) ol (k + N,)
=N, 1=0
(k + N, )Q:r (k+N,)
where

(@1)'Cy C1 9

?|
M]3

1=0

IIN'J 22
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Constraints and infinite horizons

' (k+ i)k +14) + Aul (k+ i) RAu(k + 1)

NE

V (k) =

1

-?;T(k +i)n(k +1)

~.

]
@%Mgl

=

p—1
+ ('?’?T(k + i)k + 1)+ Aul (k4 i) RAu(k + 3))
1=0
= 2T (k+ N,)Qux(k + N,,)
N,—1
+ > (" (k+ ik +i) + Au” (k + i) RAu(k + 1))
1=0

= 2T (k + N,)Qu(k + Ny) + 77" (k)i(k) + A (k) RAG, (k)
This now looks like the prediction control problem with a finite horizon of length Np.

This can be formulated as a standard QP problem.

OIX LB 1
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Constraints and infinite horizons

Note
TP ="y (") Cf 10 =) (dT)'Cl o
1=0 1 =1
and
Y @hicfo e =) (@h)ycla e —cfoy,=Q-cla
1=1 1=0
Thus

PrQe =Q - Clc,

Lyapunov equation: If ¢ Shur stable, then Q > 0.

o]

d

o1k i
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Finite horizon without explicit terminal
constraints

Use finite horizon LQ optimal control

When we apply the receding horizon control strategy, we always apply v* (k) from v* (k).

We apply the state feedback control law

v(k) = =Ky, —12(F)

When can this law be guaranteed to be stabilizing?

When will all the eigenvalues of & — 1" /Xy 1 be guaranteed to lie inside the unit circle?

OI|XA| CHOH 1
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Finite horizon without explicit terminal
constraints

Reconsider the infinite horizon performance index

V(k)=a"(k+ N,)Qz(k + N,)
N,—1

+ Y (" (k4 ik + i) + Au” (k + i) RAu(k + i)
1=0

Observe the cost

Vi, (k) = 2 (k + Np)Poz(k + N,,)
N,—1
+ ) (2" (k4 )Qu(k +1i) + Au (k + i) RAu(k + i)

1=0

Finding the optimal control sequence which will minimize the finite horizon cost function Vv (k)

can be found from the finite horizon LQ optimal control:

OI|XA| CHOH 1
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Finite horizon without explicit terminal
constraints

I
The optimal soln. is found as follows:

Py =d"Po - PIITTPI +R)'TTPD +Q

Ki=T"PI'+R)~'TTPd

The optimal control sequence

uw(k) = =Kn,—12(k)
u(k+1) = —Ky,_ox(k +1)
u(k +1i) = —Kn,—i—12(k + 1)
produces V* (k) = x! (k) Pn, 2 (k)

o1k i
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Finite horizon without explicit terminal
constraints

It Np — 0Q, infinite horizon
Po=0"P d—-"'P.IITTP I+ R)™'TTP O+ Q
Koo = (I P+ R~ Pd
ulk +1) = —Koox(k + 1)

This feedback control law is stabilizing (Otherwise, V., — 00).

The optimal costis V* (k) = a1 (k) Py x (k)

o]

o1k i
UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U .'NT;..'_AE". oNvERsITY
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Simulation and Implementation

(k) + Ne (k)

n(k)

“:K(Ur—"?)

s,

Plant >

M, : set point trajectory

e = 1r — 1]

u(k) = K(z)n.(k) : feedback control

e : output & controlled variable of generalized system

Note: Assumed 1. = —n+n, =y = Cox + Dyyw, n,. = Dyyw, n = —Chx.

UNICON LAB, Unmanned & Intelligent systems Control Laboratory




Simulation and Implementation

k) o k) | |5, FHLL] QP A . u(k)

>> A, b |Solver “ +’ > Plant

i 0 wk— D 5

n(k)

1), . set point trajectory

Ne = 1r — 1]

u(k) =| PC .(k) : Predictive controller

7)e : output & controlled variable of generalized system

Note: Assumed 7). = —n+ 1, =y = Cox + Doyw, n, = Doyyw, n= —Chu.
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Simulation and Implementation

In the standard control system framework:

Nr

Assumed 1) = Yy,
1. = Y available
controlled variables z

exogenous signals w

21

Plant

\A4

Controller

UNICON LAB, Unmanned & Intelligent systems Control Laboratory
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Simulation and Implementation

The vehicle lateral dynamics in terms of the state vector x = [%L &

0 1 0
0 aze asoy

r=Ar+ B,u+ B,q =
0 O 0

/

T
where q = [@Gdes EpL, — €qf

UNICON LAB, Unmanned & Intelligent systems Control Laboratory
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Simulation and Implementation

Discrete-time model:

Ne(k) = Crax(k)
Au(k) =u(k) —u(k —1)

Assumed ., = —n+n, =y = Coxr + Dyyw, n,. = Dyyw, n=—Chu.

UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U
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Simulation and Implementation

Prediction of the controlled variable:
Assume 7). (k) = n,.(k) — n(k) is available.

Then we use

Ne(k) =W, n.(k) + Yulk —1) + ©Au(k)
Reference trajectory:

We use a simple ref. trj.

r(k+i)=e" k). i=0,....N,—1
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Simulation and Implementation

Then
é(k) = (k) — Wyme (k) — Yu(k —1)

and thus

ie(k) — 7(k) = OAa(k) — (k)
We then immediately find
~ 1
L (1)Qz(k) = §A&T(k)HAiET(k) + Aul' (k) f + f,

where

H=20"Q0 +R), f=-20"Qc(k), f,=2c"(k)Qc(k).

o1k i
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Simulation and Implementation

Constraints: controlled variables, steering angle, steering angle rate

4
0.3

o —u < u(k+i)<u with u=0.5386

¢ _ﬁe S nt’(k + Z) S T_]e with ﬁe —

o —Au < Au(k+i) < Au with Au = 0.4987

We can build a constraint

ANa(k) < b

Now, we are ready to solve the QP problem with the QP performance index

and the constraint to find the optimal control solution Au*.
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