System Control

modeling in the time domain
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Modeling in the time domain

* Find state-space representation

* Model electrical & mechanical system in state-space
* Converta TF to SS

 ConvertaSSto TF

* Linearization

X = Ax + Bu
y = Cx + Du
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The general state-space representation

e Linear combination
S1 =Kix1 + Kxy + K3xg + -+ Ky xp,

So = K1x1x5 + Kyxox3 + K3x3x4 + -+ Kjy_1X5_1Xn,

* Linear independence

X1,X2,X3 X1,X2,X3 = X1X3 X1,X2,X3 = Xq + sz X1,Xp,X3 = 3x1 + ) + 1
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The general state-space representation

 System variable

Any variable that responds to an input or initial conditions in a system

e State variables

The smallest set of linearly independent system variables such that the values of the
members of the set at time t along with known forcing functions completely
determine the value of all system variables for all t > t..

e State vector

A vector whose elements are the state variables S

= Vp
* State space
State vector, x(7)

State vector trajectory

The n-dimensional space whose axes are the state variables.

State vector, x(4)
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The general state-space representation

x = Ax + Bu

y = Cx + Du ——— output equation

state equation

X = state vector

x = derivative of the state vector with respect to time
y = output vector

u = input or control vector

A = system matrix

B = input matrix

C = output matrix

D = feedforward matrix
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State vector, state space

« Minimum number of state variables

Typically, the minimum number required equals the order of the differential
equation describing the system.

——-—.‘.'ll.f) ——-_T:{f} ——-_1'3[”

INm —t=—=m IN-s/m === INm === [N-s/m E
fit)y— - i SnEeRy T E

* Linear independence

S = Kn-xn ‘I‘Kn—lxn—l + -+ KIII
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if their linear combination, S, equals zero only if every K; =0 and no x; =0 for all 1 > 0.
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State-space representation

Label

Select the state variables: for all of the energy-storage elements (remember X = AX + Bu)
Obtain state equations: represent Eqs in terms of the state variable

Find output equation (remembery = Cx + Du)
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Review: Translational mechanical system
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Converting a TF to SS (1)
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Converting a TF to SS (2)

Example o
X1 =

C(T) B 24 Q = . L § Xy = C

R(s) — (5 7952+ 265 1 24) @) (+9¢+26¢+24c =24 2 ‘

X3 =1C

X4(1) x(1) 1)
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Converting a TF to SS (3)

Example
C(s) 24

R(s) (83 +9s? +26s + 24)

Bih -0 1
“nl =1 0 0
N 24 26

y =11

o

0

07

.7'6-1 = X2
.7'62 = X3
.7'63 = —24)(-1 — 26)(2 — 9.763 + 24r
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Converting a TF to SS (4)

1. Separate the system into two cascaded blocks

R(s) 2 C(s R(s) X (s) C(s)
( s+ Ts+2 (5) - 1 : - Z+Ts+2 =

3+ 952+ 265+ 24 52+ 952 + 265+ 24

Internal variables:
. . Xo(s), Xz(s)
2. Find the state equations

1

. X 0 1 0 X 0
7 ERS =] 0o 0 1 x|+ [0]r

: i3 24 26 -9 X3 1

ﬂ | J- x5(1) J X,(1) J- x,(1) i
X1 X1
ST y=1[by b1 b]|x2| =1[2 7 1]|x
X3 X3
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Convertinga SSto TF

x = Ax + Bu

Tis)=Y(s)/Uls
v — Cx+ Du ) T(s)=Y(s)/U(s)

Laplace transform
sX(s) = AX(s) + BU(s)
Y(s) = CX(s) + DU(s)

Solving for X(s)
X(s) = (s — A)"'BU(s)

Y(s) = C(sI — A)"'BU(s) + DU(s) = [C(sI — A)"'B + D]U(s)

Y(s)

T(s) = e

=CGI—A)'B+D
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Linearization (1)

* Nonlinearities

Amplifier saturation Motor dead zone Backlash in gears
fix) fix) fix)
A A A

Output
Output
Output
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Linearization (2)

[
() = £ (x0)] & g x = xo) N
from which Ofix)
8f (x) =~ mdx !
and
o =fx)
f(x) & f(x0) + ma(x — x0) = f(x0) + madx é—
] C - OX
Taylor series fxo)
d X —X d x —xp)°
fl) = flw) + 2| EoX) 4F) o0
o - - e o - X
h.o.t
d
O~ fa) = T o) | or [ 8 ~mly
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Linearization (3)

* How to get transfer function in nonlinear system?

Nonlinear = Xx(7)

spring —f
%—W*l “1—'* £(6) =10+ 8f(1)

f(t) = 2x2(1) The force of the spring at equilibrium is 10 N.
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Summary

* State-space representation

» State variable, vector, space

» State-space <-> Transfer function
 System linearization
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