Modern Control Theory

state-space representation
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Open-loop (OL) & Closed-loop (CL)

Open-loop control

System

Closed-loop control

System >
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Example of closed-loop system

Motor: position control (ex: Robot Arm)

Position
Command
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Vehicle: lateral motion control (ex: Lane Keeping System)
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What is state-space model?

. <« state equation X = state vector
X = AX + B“ x = derivative of the state vector with respect to time

. y = output vector
F - CK + D“ +<—— output equation u = input or control vector
A = system matrix
B = input matrix
C = output matrix
D = feedforward matrix
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DC motor

Motor speed control

al) Armatire) v, (s
) circuit
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How to choose state variables?

- What’s our goal?
- Which values are input & output?
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T = K,i

Vp = KbH

- Newton’s 2" law

- Kirchhoff’s voltage law

di .
L+ Ri=Eq — Ky0




State variable

 Minimum number of state variables

ve

C R A

€ MV ¥

vi(d) @) L c, ;__:r v (0) : State space
S v I L1 1 ey,
INm i | I N-s/m E
%fm : | E = State vector, x(1)
/o e : State vector trajectory

a second order system can be defined by two or [ Staeyector. 34)

more state variables

* Linear independence
S = Kn-xn +Kn—1xn—1 S lel

if their linear combination, S, equals zero only if every K; =0 and no x; =0 for all ¢ > 0.
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State variable

TABLE 2.3 Voltage-current, voltage-charge, and impedance relationships for capacitors, resistors, and inductors

Impedance Admittance
Component Voltage-current Current-voltage Voltage-charge Z(s)y = V(s)/1(s) Y(s) =1s)/Vis)
S| (f)
_le vir) ——I_ / i(t)dr i(t) = (_'m Y. vir) _l_:m: _1 Cs
Capacitor CJo dt C Cs
AN~ v(t) = Ri(1) i) == (1) v(r) = RI4W R oG
Resistor R di R
— hmm — 1i(1) -l 2 (1)
vir) = ;J‘T i(1) _l / v(t)dr v(r) = “’IL' Ls 1
Inductor ‘ L Ju dr Ls

Note: The following set of symbols and units is used throughout this book: v(¢) — V (volts), i(r) — A {amps), g(¢) — O (coulombs), € — F (farads),
R =1 (ohms), 7 = ) (mhos), L. = H (henries).

Impedence Torque-angular Torque-angular Impedence
Component Force-velocity Force-displacement Zy(s) = F(s)/X(s) Component velocity displacement Zy(s) = T(s)/0(s)

Spring

—T—— x(1) Spring
g Kx(t) K

T(r) (1)

T(t) = K Jyo()dr T(t) = K6(1) K

T 0[O =K v =
K K
Viscous () 9(1)

iscous damper damper
; : x(1) dx(r) " T(t) = Do(t) T(t) = DdZ—(;) Ds
g ﬁ o 1) = £,v(0) ey =£,5 fus
D

T(1) 6(1)
Inertia do(t ot
2 () = gdelt) T(t) = jen Js?
dv(r) d*x(1) 2 dt dr?
fly=M flt)=M—=> Ms
dt dr I;
- — - Note: The following set of symbols and units is used throughout this book: T(f) — N-m (newton-meters),
Note: The following set of symbols and units is used throughout this book: f(r) = N (newtons), 0(f) — rad(radians), w(f) — rad/s(radians/second), K — N-m/rad(newton- meters/radian), D — N-m-s/rad
*(t) = m (meters), v(¢) = m/s (meters/second), K =N/m (newtons/meter), f, = N-s/m(newton-seconds/ (newton- meters-seconds/radian). J — kg-m? (kilograms-meters®> — newton-meters-seconds’/radian).

meter), M = kg (kilograms = newton-seconds’/meter).
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State-space model: DC motor

Motor speed control

- State equation

s
|
—
.
=

= <
ol
-

UNICON LAB, Unmanned & Intelligent systems Control Laboratory

b

J
Ky

L

K; ]

J
R

L.

-

- Newton’s 2" law

a9 do_
]dtz dr ot

- Kirchhoff’s voltage law

di .
L=+ Ri=Eq — K,6

- Output equation

0 =[1 O0]x
1/L]u y=




State-space model: DC motor

Motor speed control

- State equation - Output equation
x=[g b K]
_ |7 [ 0 ] _
y=20 X = X+ (1, |u y=1[1 0]x
BLO A A
u= Ea L L

Motor position control

- State equation - Output equation
x=[6 ¢ il" b K )
_ J J _
y==60 i=| 1 o OX+1OU y=[0 1 O0]x
u==FE, K R /1
L L L

OI|XA| CHOH 1
UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U '_'_E" sy



Longitudinal vehicle model

Vehicle longitudinal control

|
| |
R e A |
e We| |
--di (s )= ? ) S}e ?| Torque [¥ Y Transm. — \ 4 Lrag ) L
| ESC 7o {converter Ttb} 1/R, |Tw s}w » Cho, Lk >g—> 1/m I : >
|
: A Tor TweFs m{ :
i |
e Y
SCC (Smart Cruise Control) /
- Input & output Rt -
a CRUISE
u =%
y==x L= CANCEL

- Simplified transfer function

w2 R 1R J - ~ -
Y(s) 1 ™ 7 -
G(s) = = | . e
SCC (Smart Cruise Control) system detects the vehicle ahead and maintain the distance
U(S) S(l + TS) automatically.

[EXN: RS AH
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Transfer function to state-space model

P Transfer function

Y(s) 1
U(s) s(1+1s)
S g B

s(1+1s)Y(s) = U(s)
sY(s) + 1s2Y(s) = U(s)

@ Laplace transform

y(®) + 1y () = u(t)

! | u=i% y=x

a+ ta = a®
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p State-space

x=[v a]f
y=v

u=qa?

- State equation

At

- Output equation

y=[1 0]x
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State-space model to transfer function

x = Ax + Bu

m) T(s)=Y(s)/U(s)

y=Cx+ Du

Laplace transform
sX(s) = AX(s) + BU(s)
Y(s) = CX(s) + DU(s)

Solving for X(s)
X(s) = (s — A)"'BU(s)

Y(s) = C(sI — A)"'BU(s) + DU(s) = [C(sI — A)"'B + D]U(s)

T(s) = % =CGI-A)"'B+D
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Electric power steering

MDPS ECU

é Control
Logic

7y
E
min
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Steering wheel angle
Motor angle
Pinion angle

Rack position
Motor current
Driver torque
Steering column torque
Friction Torque

Road reaction torque on the rack and pinion

s 43

Motor moment of inertia
Motor shaft viscous damping
Motor torque, voltage constant
Steering column moment of inertia
Steering column viscous damping
Steering column stiffness
Mass of the rack
Viscous damping of the rack
Tire spring rate
Steering column pinion radius
Motor gear ratio
Spring constant

Pinion load
Motor load
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Electric power steering

Newton 2" eq. for steering wheel

3.6, +B.6, +K,(6,-6,)=T,

Newton 2" eq. for motor and rack pinion

J O +B O =Kl -1

T
M X +BX +K x =2 _F + N0
Rp Rm
K, '{ ﬂ « = R.6, _Ro
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Electric power steering

4™ order modeling

. . T
T, x=[x X3 X3 x4]:[9h bh Oy HpJ
6, x|~/
X1:X2
K B K
X, =——LX — =X, +— X, +—T,

Jy Jy Jy

X, = B L
N RJXl[J

€q

B, KN
X, — qx4—1F+ .
. J

eq eq mYeq
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Summary

* Open-loop & Closed-loop

» State-space representation
- DC motor, vehicle, electric power steering

—O— x = Ax + Bu »» C ——
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