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Modern Control Theory
state-space representation 

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑢 = −𝐾𝑥

𝐶
𝑥 𝑦𝑢
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Open-loop (OL) & Closed-loop (CL)

System

System

Open-loop control

Closed-loop control
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Example of closed-loop system
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Motor: position control (ex: Robot Arm)

Vehicle: lateral motion control (ex: Lane Keeping System)
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What is state-space model?

state equation

output equation
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DC motor

𝑇 = 𝐾𝑡𝑖

𝑣𝑏 = 𝐾𝑏 ሶ𝜃

𝐽
𝑑2𝜃

𝑑𝑡2
+ 𝑏

𝑑𝜃

𝑑𝑡
= 𝐾𝑡𝑖

𝐽𝑏
𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 = 𝐸𝑎 − 𝐾𝑏 ሶ𝜃

- Newton’s 2nd law

- Kirchhoff’s voltage law

How to choose state variables?

- What’s our goal?
- Which values are input & output?

Motor speed control
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State variable

• Minimum number of state variables

• Linear independence

a second order system can be defined by two or 

more state variables
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State variable
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State-space model: DC motor

𝐽
𝑑2𝜃

𝑑𝑡2
+ 𝑏

𝑑𝜃

𝑑𝑡
= 𝐾𝑡𝑖

𝐽𝑏

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 = 𝐸𝑎 − 𝐾𝑏 ሶ𝜃

- Newton’s 2nd law

- Kirchhoff’s voltage law

Motor speed control

𝐱 = ሶ𝜃 𝑖
𝑇

𝐮 = 𝐸𝑎

𝐲 = ሶ𝜃 ሶ𝐱 =
−
𝑏

𝐽

𝐾𝑡
𝐽

−
𝐾𝑏
𝐿

−
𝑅

𝐿

𝐱 +
0

ൗ1 𝐿
𝐮 𝐲 = 1 0 𝐱

- State equation - Output equation
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State-space model: DC motor

Motor speed control

𝐱 = ሶ𝜃 𝑖
𝑇

𝐮 = 𝐸𝑎
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- State equation - Output equation

𝐱 = ሶ𝜃 𝜃 𝑖
𝑇

𝐮 = 𝐸𝑎

𝐲 = 𝜃
ሶ𝐱 =

−
𝑏

𝐽
0

𝐾𝑡
𝐽

1 0 0

−
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𝐿

0 −
𝑅

𝐿

𝐱 +

0
0

ൗ1 𝐿

𝐮
𝐲 = 0 1 0 𝐱

- State equation - Output equation

Motor position control
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Longitudinal vehicle model

Vehicle longitudinal control

[출처: 현대자동차]

𝑢 = ሷ𝑥𝑑

𝑦 = ሶ𝑥

𝐺 𝑠 =
𝑌(𝑠)

𝑈(𝑠)
=

1

𝑠 1 + 𝜏𝑠

- Input & output

- Simplified transfer function
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Transfer function to state-space model

𝑌(𝑠)

𝑈(𝑠)
=

1

𝑠 1 + 𝜏𝑠

𝑠 1 + 𝜏𝑠 𝑌 𝑠 = 𝑈(𝑠)

𝑠𝑌 𝑠 + 𝜏𝑠2𝑌 𝑠 = 𝑈(𝑠)

ሶ𝑦(𝑡) + 𝜏 ሷ𝑦 (𝑡) = 𝑢(𝑡)

𝐱 = 𝑣 𝑎 𝑇

𝐮 = 𝑎𝑑

𝐲 = 𝑣

ሶ𝐱 =
0 1

0 − ൗ1 𝜏
𝐱 +

0
ൗ1 𝜏

𝐮

𝐲 = 1 0 𝐱𝑎 + 𝜏 ሶ𝑎 = 𝑎𝑑

- State equation

- Output equation

Laplace transform

𝑢 = ሷ𝑥𝑑 𝑦 = ሶ𝑥

▶ Transfer function ▶ State-space
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State-space model to transfer function
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Electric power steering

Control
Logic

MDPS ECU

rK rF

xV
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c cK B

rx

r rM B
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Motor

pR

pT

기호 설명

Steering wheel angle

Motor angle

Pinion angle

Rack position

Motor current

Driver torque

Steering column torque

Friction Torque

Road reaction torque on the rack and pinion

기호 설명

Motor moment of inertia

Motor shaft viscous damping

Motor torque, voltage constant

Steering column moment of inertia

Steering column viscous damping

Steering column stiffness

Mass of the rack

Viscous damping of the rack

Tire spring rate

Steering column pinion radius

Motor gear ratio

Spring constant

Pinion load

Motor load
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Electric power steering
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Newton 2nd eq. for steering wheel 

Newton 2nd eq. for motor and rack pinion
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Electric power steering
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4th order modeling
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Summary

• Open-loop & Closed-loop

• State-space representation

- DC motor, vehicle, electric power steering

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑢 = −𝐾𝑥

𝐶
𝑥 𝑦𝑢


