Modern Control Theory

Full state feedback
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Solution

Motor speed control

- State equation - Output equation
x=1[6 il" b K
. 7T 0
) x=| 1 J x+[ ‘u =[1 1lx
y _& B E 1/L y
u=_E, I 1L
x(0)=[1 1]"

]:4Jb:2)Kt =4;Kb = 1,R:3,L:0.1

1. Calculate the eigenvector and eigenvalue for system matrix A
2. Find state equation solution for the given model

1 0
A=|"7 1 B=[10] c=[1 1] = [0]
—-10 -30
1 -1 1 s + 30
O T ~10
10 s+ 30 (s+7)(s+30)+10
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Solution

-1

1= =% 7 T = 10 s+
10 s+ 30 (s+7)(s+30)+10 2
det(sl — A) = s? + 30.5s5 + 25
s=1=-29.657,—0.843
1
E
~10 -30
1
— 5%+ X = —29.657x, 29.157x; = —x, rﬁ] _ [—0-0343c]
—10x; — 30x, = —29.657x, x; = —0.0343x, %2 ¢
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Solution

1 -1

s+- -1 1

(sI —A)~ 1=

2
10 s+30

(s+%)(s+30)+10

det(sl — A) = s? + 30.5s5 + 25

s =A=-29.657,-0.843

1
S 1 [ [*1] _ X1
2 |[e]- o[y
~10 -30
1
_Exl + Xy = _084‘3x1 03433(1 - _xz
—10x, — 30x, = —0.843x, X, = —2.9157x,
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Solution

t
x(t) = e x (1) + f e Bu(t)dr

Iy

Zero-input response

exp(4t) = L1

s+ 30 1

s2 4+ 30.5s +25 524 30.55 + 25

1
—10 S+7

1s2 4+ 30.5s +25 s2+ 30.5s + 254

Zero-state response

A~ (exp(At) — I)B

s+ 30 1

, efdtx,=L71

_ [_1_2 _()_()4] = s +30.55s+25 s2+30.55+ 25| |10 ]

0.4 —-0.02

1

—10 s+ = 10

2
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|s2 +30.5s +25 s2+ 30.5s + 25|

s + 30

s2 +30.5s + 25

—10

|s2 + 30.5s + 25.




State feedback

A\ 4
o

—O—> x = Ax + Bu

u=—Kx «

u(t)=—-Kx(t)
x(t)=Ax(t)+Bu(t) X (t) = Ax(t)+ BKx(t)
y(t)=Cx(t)+Du(t) =(A+BK)x(t)

K should be chosen such that (A+BK) is Hurwitz!
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State feedback

Assume that the single-input system dynamics are given by

() = Ax(t)+ Bu(t)
y(t) = Cx(t)

Assume a full-state feedback of the form:
u(t) =r — Kx(t)
where r is some reference input and the gain K is R*"

e If r = 0, we call this controller a regulator
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Pole-placement

Objective
Design K so that the system has the desired properties

- Closed-loop stable
- Put desired poles

Consider:

x(t) + {O} u put the poles at s = —5, — 6
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Pole-placement

Consider this system:

X(t):[é;]}c(t)+[é]u
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Reference tracking

x(t) = Ax(t)+ Bu y=Cx(t)
u = r— Kx(t)

For good tracking performance we want

y(t)=r(t)ast = 00 () tli)Iélo y(t) = lim sY (s)

s—0

D

sY(s)~sR(s)ass >0 = Yis)

R(s)|y
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Reference tracking

%(t) = [1 ; x(t)+[é}u

y = [10]x(t)
e Already designed K = [ 14 57 } so the closed-loop system is
x(t) = (A— BK)x(t)+ Br
y = Ox(t)

which gives the transfer function

Y(s) ~1
= I —(A— BK B
R(s) C (sl —( )
s+13 56 | [1
= |10
[ ] -1 s5-=2 {0}
B s — 2
824+ 11s+ 30
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Reference tracking

Using extra gain to scale the closed-loop TF

4
x(t) = (A— BK)x(t)+ BNr
y = Ox(t)
Y(s) - -1 p77 A7
Ris) C (sl —(A—BK)) BN = Gu(s)N
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MATLAB code

clear all %% controllable check
close all $ CM = [B A*B];
clc % inv (CM) ;
% rank (CM) ;
A= [11;
1 27; Co = ctrb(A,B);
$ A= [11; inv (Co) ;
S 0 27; rank (Co) ;
size(A,1l) == rank(Co);
B = [1;0];
$ B = [0;1]1;
%% design controller
C = [1 01; P = [-5 -6];
D = [0]; K = place(A,B,P); $ u=-Kzx
%% stability check Acl = A-B*K;
eig(A); eig(Acl);

sysl = ss(A,B,C,D);
sys2 = ss(Acl,-15*BR,C,D);

[vl,tl] = step(sysl);
[v2,t2] = step(sys2);
figure
figure

plot (y2,t2)
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