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Modern Control Theory
State observer & output feedback

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑢 = −𝐾𝑥

𝐶
𝑥 𝑦𝑢
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State feedback design

State feedback

ሶx 𝑡 = 𝐴x 𝑡 + 𝐵u 𝑡
y 𝑡 = 𝐶x 𝑡 + 𝐷u 𝑡

u 𝑡 = −𝐾x 𝑡

ሶx 𝑡 = 𝐴x 𝑡 − 𝐵𝐾x 𝑡
= 𝐴 − 𝐵𝐾 x 𝑡

Full-state feedback / Pole placement

- Check Stability
- Check Controllability
- Design Pole
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1 2
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0 2
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0
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1 1
0 2
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Stabilizable 

ሶ𝐱 𝑡 =
1 1
0 2

𝐱 𝑡 +
1
0
𝑢

ሶ𝐱 𝑡 =
1 1
0 −2

𝐱 𝑡 +
1
0
𝑢

How can we handle uncontrollable system?
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Controllable & Stabilizable

The system is stabilizable if there exists matrix K such that A + BK 
( or A-BK) is a stability matrix. 

Controllable

Stabilizable
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State observer design

ሶ𝐱 𝑡 =
1 1
1 2

𝐱 𝑡 +
1
0
𝑢

For given system

We want design the state feedback as follows

𝑢 = −𝐾𝐱 = 𝑘1 𝑘2
𝑥1
𝑥2

𝐲 = 𝐶𝐱 = 0 1 𝐱

But, the first state is not available
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State observer design

ሶො𝐱 = 𝐴ො𝐱 + 𝐵𝑢 + 𝐿(𝐲 − ො𝐲)

Let us define estimated state ො𝐱, then observer is modeled as

Define the estimation error 𝐞 = 𝐱 − ො𝐱

ො𝐲 = 𝐶ො𝐱

ሶ𝐱 = 𝐴𝐱 + 𝐵𝑢

Let us consider the following system

𝐲 = 𝐶𝐱

ሶො𝐱 = 𝐴ො𝐱 + 𝐵𝑢 + 𝐿(𝐲 − ො𝐲)

ሶ𝐱 − ሶො𝐱 = 𝐴 𝐱 − ො𝐱 − 𝐿𝐶 𝐱 − ො𝐱
= 𝐴 − 𝐿𝐶 𝐱 − ො𝐱

The error converges to zero if 𝐴 − 𝐿𝐶 is Hurwitz 
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Observable
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Duality 

Controller Observer

ሶ𝐞 = 𝐴 − 𝐿𝐶 𝐞ሶ𝐱 = 𝐴 − 𝐵𝐾 𝐱

ሶ𝐱 = 𝐴𝐱 + 𝐵𝑢
𝐲 = 𝐶𝐱

ሶ𝒛 = 𝐴𝑇𝐳 + 𝐶𝑇𝑣
𝐰 = 𝐵𝑇𝐳

The dual of the Linear Time Invariant system is given by

𝐴, 𝐵, 𝐾 𝐴𝑇 , 𝐶𝑇 , 𝐿𝑇

- Controllable matrix

- Observable matrix
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State feedback

ሶ𝐱 = 𝐴𝐱 + 𝐵𝑢
𝐲 = 𝐶𝐱

𝑢 = 𝐹𝑟 − 𝐾𝐱

ሶො𝐱 = 𝐴ො𝐱 + 𝐵𝑢 + 𝐿(𝐲 − ො𝐲)

State feedback

State observer

𝐱 = 𝐱 𝐱 𝑻

Output feedback

Pole-placement
Optimal control (LQ)
H infinite FSFB

Luenberger observer
Kalman filter
H infinite filter

LQG / H infinite control
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State feedback

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑢 = −𝐾𝑥

𝐶
𝑥 𝑦𝑢

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

𝑢 = −𝐾𝑥

𝐶
𝑥 𝑦𝑢

ሶො𝑥 = 𝐴ො𝑥 + 𝐵𝑢 + 𝐿(𝑦 − ො𝑦)


