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Review: regression

Linear regression

Logistic regression

ℎ𝑙𝑜𝑔 𝑥 =
1

1 + 𝑒−𝜃
𝑇𝑥

ℎ𝑙𝑖𝑛𝑒𝑎𝑟 𝑥 = 𝜃0𝑥0 + 𝜃1𝑥1 + 𝜃2𝑥2 +⋯+ 𝜃𝑛𝑥𝑛 = 𝜃𝑇𝑥

Polynomial regression

ℎ𝑝𝑜𝑙𝑦 𝑥 = 𝜃0𝑥
0 + 𝜃1𝑥

1 + 𝜃2𝑥
2 +⋯+ 𝜃𝑛𝑥

𝑛 = 𝜃𝑇𝑥

𝜃𝑇𝑥 =

𝜃0
𝜃1
⋮
𝜃𝑛

𝑇 𝑥0
𝑥1
⋮
𝑥𝑛

consider the feature vecgtor 𝑧𝑛 = 𝑥𝑛, then  

ℎ𝑝𝑜𝑙𝑦 𝑥 = ℎ𝑙𝑖𝑛𝑒𝑎𝑟 𝑧
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𝑣𝑎𝑙𝑢𝑒 = 10 8 9 13 15 18 14 20 24 𝑇

Consider

Prediction (linear)

𝑡𝑖𝑚𝑒 = 1 2 3 4 5 6 7 8 9 𝑇

ℎ𝑙𝑖𝑛𝑒𝑎𝑟 𝑥 = 𝜃0𝑥0 + 𝜃1𝑥1 + 𝜃2𝑥2 +⋯+ 𝜃𝑛𝑥𝑛 = 𝜃𝑇𝑥

ℎ 𝑥 = 𝜃0 + 𝜃1𝑡

𝜃0 + 𝜃1 = 10

𝜃0 + 2𝜃1 = 8

𝜃0 + 9𝜃1 = 24

⋮

1 1
1 2
⋮ ⋮
1 9

𝜃0
𝜃1

=

10
8
⋮
24

ℎ 𝑥 = 7.8611 + 1.1167𝑡
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𝑣𝑎𝑙𝑢𝑒 = 10 8 9 13 15 18 14 20 24 𝑇

Consider

Prediction (polynomial)

𝑡𝑖𝑚𝑒 = 1 2 3 4 5 6 7 8 9 𝑇

ℎ 𝑥 = 𝜃0 + 𝜃1𝑡 +𝜃2𝑡
2

𝜃0 + 𝜃1 + 𝜃2 = 10

𝜃0 + 2𝜃1 + 4𝜃2 = 8

𝜃0 + 9𝜃1 + 81𝜃2 = 24

⋮

1 1 1
1 2 4
⋮ ⋮ ⋮
1 9 81

𝜃0
𝜃1
𝜃2

=

10
8
⋮
24

ℎ 𝑥 = 5.0238 + 2.6643𝑡 − 0.1548𝑡2

ℎ𝑝𝑜𝑙𝑦 𝑥 = 𝜃0𝑥
0 + 𝜃1𝑥

1 + 𝜃2𝑥
2 +⋯+ 𝜃𝑛𝑥

𝑛 = 𝜃𝑇𝑥
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Review: regression

𝑣𝑎𝑙𝑢𝑒 = 10 8 9 13 15 18 14 20 24 𝑇

𝑡𝑖𝑚𝑒 = 1 2 3 4 5 6 7 8 9 𝑇

𝑣𝑎𝑙𝑢𝑒 = 18 𝑇

𝑡𝑖𝑚𝑒 = 10 𝑇

Past Today

How about tomorrow?
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𝑣𝑎𝑙𝑢𝑒 = 10 8 9 13 15 18 14 20 24 𝑇

Consider additional feature

Prediction (linear)

𝑖𝑛𝑑𝑒𝑥 = 27 29 30 30 31 28 26 22 24 𝑇

ℎ𝑙𝑖𝑛𝑒𝑎𝑟 𝑥 = 𝜃0𝑥0 + 𝜃1𝑥1 + 𝜃2𝑥2 +⋯+ 𝜃𝑛𝑥𝑛 = 𝜃𝑇𝑥

ℎ 𝑥 = 𝜃0 + 𝜃1𝑡 +𝜃2𝑖

𝑡𝑖𝑚𝑒 = 1 2 3 4 5 6 7 8 9 𝑇

𝜃0 + 𝜃1 + 27𝜃2 = 10

𝜃0 + 2𝜃1 + 29𝜃2 = 8

𝜃0 + 9𝜃1 + 24𝜃2 = 24

⋮

1 1 27
1 2 29
⋮ ⋮ ⋮
1 9 24

𝜃0
𝜃1
𝜃2

=

10
8
⋮
24

ℎ 𝑥 = 9.1808 + 1.0862𝑡 − 0.0425𝑖

Prediction (polynomial) ℎ 𝑥 = 𝜃0 + 𝜃1𝑡 + 𝜃2𝑡
2 + 𝜃3𝑖 +𝜃4𝑖

2
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ℎ𝑙𝑜𝑔 𝑥 =
1

1 + 𝑒−𝑔 𝜃,𝑥

𝑣𝑎𝑙𝑢𝑒 = 10 8 9 13 15 18 14 20 24 𝑇

𝑡𝑖𝑚𝑒 = 1 2 3 4 5 6 7 8 9 𝑇

𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 = 0 1 1 1 1 0 1 0 1 𝑇 0 = sell
1 = buy

Classification (linear)

𝑔 𝜃, 𝑥 = 𝜃0 + 𝜃1𝑡 +𝜃2𝑣

Decision boundary

𝑔 𝜃, 𝑥 = 𝜃0 + 𝜃1𝑡 + 𝜃2𝑡
2

+𝜃3𝑣 + 𝜃4𝑣
2

or

Review: regression
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Review: SVM

ഥ𝑤 ∙ ҧ𝑥 + 𝑏 = −1
ഥ𝑤 ∙ ҧ𝑥 + 𝑏 = 1

ഥ𝑤 ∙ ҧ𝑥 + 𝑏 = 0

𝑚𝑖𝑛
1

2
𝑤 2

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 ≥ 0
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𝑚𝑖𝑛
1

2
𝑤 2 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 ≥ 0

𝐿 𝑤, 𝑏, 𝛼 =
1

2
𝑤 2 −𝛼𝑖 𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝛼𝑖 ≥ 0

max
𝛼

𝐿 =𝛼𝑖 −
1

2
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑥𝑗 𝛼𝑖𝑦𝑖 = 0 𝛼𝑖 ≥ 0

QP problem

𝑤 =𝛼𝑖𝑦𝑖𝑥𝑖𝛼𝑖𝑦𝑖 = 0
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Review: SVM

𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 ≥ 1

𝛼𝑖 ≥ 0

𝑤 =𝛼𝑖𝑦𝑖𝑥𝑖 𝛼𝑖𝑦𝑖 = 0

Conditions for optimal solution of Lagrangian dual problem 𝑤, 𝑏, 𝛼

KKT (Karuch-Kuhn-Tucker) conditions

𝜕𝐿

𝜕ഥ𝑤
= 0

𝜕𝐿

𝜕𝑏
= 0

𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 ≥ 1

𝛼𝑖 𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 = 0

1. Stationarity

2. Primal feasibility

3. Dual feasibility

4. Complementary slackness
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Review: SVM

𝛼𝑖 𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 = 0

𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 = 0𝛼𝑖 > 0 and

𝑦𝑖 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 − 1 ≠ 0𝛼𝑖 = 0 and

are on the boundaryҧ𝑥𝑖 => Support vector

are not on the boundaryҧ𝑥𝑖

Only the support vectors construct Hyperplane

1.

2.

𝑤 =𝛼𝑖𝑦𝑖𝑥𝑖 𝑤∗ =

𝑖∈𝑆

𝛼𝑖
∗𝑦𝑖𝑥𝑖

𝑤∗ ∙ 𝑥𝑆 + 𝑏∗ = 𝑦𝑆

=

𝑖∈𝑆

𝛼𝑖
∗𝑦𝑖𝑥𝑖𝑥𝑆 + 𝑏∗
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𝑣𝑎𝑙𝑢𝑒 = 𝟒 𝟔 𝟏 𝟏 𝟐 𝟓 𝟐 𝟓 𝟎 𝑇

𝑡𝑖𝑚𝑒 = 𝟎 𝟎 𝟏 −𝟏 𝟏 𝟏 −𝟏 −𝟏 𝟎 𝑇

𝑐𝑙𝑎𝑠𝑠 = 𝟏 𝟏 −𝟏 −𝟏 −𝟏 𝟏 −𝟏 𝟏 −𝟏 𝑇 1    (Positive class)
-1    (Negative class)

Review: SVM

0

1

2

-1

-2

1 2 3 4 5 6

𝑣1 = 2 1 𝑇

𝑣2 = 2 −1 𝑇

𝑣3 = 4 0 𝑇
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Review: SVM

On the decision boundary

ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 = −1 ഥ𝑤 ∙ ҧ𝑥𝑖 + 𝑏 = 1

2𝑤1 +𝑤2 + 𝑏 = −1

2𝑤1 − 𝑤2 + 𝑏 = −1

4𝑤1 + 0𝑤2 + 𝑏 = 1

However, we need to calculate 

max
𝛼

𝐿 =𝛼𝑖 −
1

2
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑥𝑗

𝛼𝑖𝑦𝑖 = 0

𝛼𝑖 ≥ 0
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Review: SVM

However, we need to calculate 

(2,1 / 1)

(1,2 / -1)

max
𝛼

𝐿 =𝛼𝑖 −
1

2
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑥𝑗

𝛼𝑖𝑦𝑖 = 0

𝛼𝑖 ≥ 0

𝛼1 + 𝛼2 −
1

2
(𝛼1𝛼1 ∙ 1 ∙ 1 ∙

2
1

,
2
1

+2 ∙ 𝛼1𝛼2 ∙ 1 ∙ −1 ∙
1
2

,
2
1

+

+𝛼2𝛼2 ∙ −1 ∙ −1 ∙
1
2

,
1
2

)

= 𝛼1 + 𝛼2 −
1

2
(5𝛼1

2 − 8𝛼1𝛼2 + 5𝛼1
2)

𝛼1𝑦1 + 𝛼2𝑦2 = 0

𝛼1 ≥ 0
𝛼2 ≥ 0

𝛼1 = 𝛼2 = 1
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However, we need to calculate 

(2,1 / 1)

(1,2 / -1)

𝑤∗ =𝛼𝑖
∗𝑦𝑖𝑥𝑖 = 1 ∙ 1 ∙

2
1

+ 1 ∙ −1 ∙
1
2

=
2
1

−
1
2

=
1
−1

𝑏∗ = 𝑦𝑆 −𝛼𝑖
∗𝑦𝑖𝑥𝑖 𝑥𝑆 = 1 − 1 ∙ 1 ∙<

2
1

,
2
1

> +1 ∙ −1 ∙<
2
1

,
1
2

> = 0
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𝑣𝑎𝑙𝑢𝑒 = 𝟏𝟎 𝟖 𝟗 𝟏𝟑 𝟏𝟓 𝟏𝟖 𝟏𝟒 𝟐𝟎 𝟐𝟒 𝑇

𝑡𝑖𝑚𝑒 = 𝟏 𝟐 𝟑 𝟒 𝟓 𝟔 𝟕 𝟖 𝟗 𝑇

𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 = 𝟎 𝟏 𝟏 𝟏 𝟏 𝟎 𝟏 𝟎 𝟏 𝑇

0 = sell    (Negative class)
1 = buy   (Positive class)

Review: SVM
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Review: SVM


