Modern Control Theory

state-space model analysis
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State-space model: DC motor

Motor speed control

- State equation - Output equation
x=[g b K]
_ |7 [ 0 ] _
y=20 X = X+ (1, |u y=1[1 0]x
BLO A A
u= Ea L L

Motor position control

- State equation - Output equation
x=[6 ¢ il" b K )
_ J J —
y=20 i=| 1 o OX+1OU y=[0 1 0]x
ll=Ea _& 0 _E /L
L L L
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Transfer function to state-space model

Vehicle longitudinal motion

. - State equation - Output equation
X = [17 (l] 0 . 0 y = [1 O]X
= X - X + u
Y= [0 - 1/J ll/J
u=a?

Vehicle lateral motion
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Linear and Nonlinear system

Linear systems
- Time-invariant linear system

x(t)=Ax(t)+Bu(t) Y (s)
y(t)=Cx(t)+Du(t)

- Time-varying linear system

x(t)=A(t)x(t)+B(t)u(t) T

Y
y(t)=C(t)x(t)+D(t)u(t) V
Nonlinear systems
- Time-invariant linear system

X(1)= T (x(1).u()

y(t)=g(x(t).u(t))

- Time-varying linear system

X(t)=f(x(t),u(t),t)

y(t)=g(x(t),u(t).t)
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Linear and Nonlinear system

Linear systems
- Time-invariant linear system

x(t)=Ax(t)+Bu(t)
y(t)=Cx(t)+Du(t)

- Time-varying linear system
x(t)=A(t)x(t)+B(t)u(t)
y(t)=C(t)x(t)+D(t)u(t)

Nonlinear systems
- Time-invariant linear system

X(1)= T (x(1).u()
y(t)=9(x(t).u(t)

- Time-varying linear system
X(t)=f(x(t),u(t),t)
y(t)=g(x(t).u(t).t)
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X=-2-X+U
y=X
X==20-X+U
y=X
X=-x3+u
y=X
X=—xe"'+u
y=X




State-space model analysis

Model analysis

x=[g il b
.y (= J
y X K,
u==FE, A

Transfer function

- State equation

-

- Output equation

19L] u y=[1 0]x

- Stability, percent overshoot, rise time, settling time...

State-space model

- Stability, controllability, observability...
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Eigenvector & eigenvalue

| Eigenvalue

AXi — )Lgxi

l Eigenvector

TN For nonzero solution X
B ad] (A[I A) I ') det()\,II _ A) — 0

xi=(nI—A)'0

- det()\.il — A)
X2 2 %)
A Ax A
X X
/
| > X
(a) Not eigenvector (b) Eigenvector
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Eigenvector & eigenvalue

[ 2] e[ L7

a3
N -1 A+3
=3 +6.+8 S A =-2 and —4
-3 1 X1 X1
— 2
1 -3 X2 X2 c
/'11:_2 X1 = X2 X = [C]
—3x; +x2 = —2x1
X1*3)C2:*2X2
o C
A, =4 X=1_.
1 1
X] = [1] and x; = {1]
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Eigenvector & eigenvalue

v

Axq

Why eigenvalues are important?
det(Al—A) =0
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State equation solution: traditional

Given state equation,
xX(t) = ax (1) + bu(t) x(to) = xo consider scalar state

‘ « e 0 x (1)
d

E(e_“(’_“’)x(t)) =e T3 (1) — e " ax(1)

= ¢ T by (1)

L «

t
d

e ) x (1) — e x (1) = [ — (e T x (1)) dt
o dt

integrate from t; to ¢

t
:f e T by () dr.
Ip

P
<

t
L x(t) =" xy + f e’ bu(r)dr

fo

multiplying through by e~
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State equation solution: Laplace transform

Given state equation,
x(t) =ax(t) +bu(t) x(t) = xo

L 4 «
sX(s)—xog=aX(s)+bU(s)
1 \ 4

X(s) = X0 + LU(S)
S —d

S —a

x(t) = e xo + e x bu(t)

1
= eV xyg + f e“"Dpu(t)dr
0
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Laplace transform

Laplace transform




State equation solution

x()=ax(t)+bu() x(th) =x0 = x(t)=Ax(t)+ Bu(t)

t
x(t) = e“txo—l—[ e Ohy(t)dt —>
0

Matrix exponential

e =1+ at+ la2t2 + éa3t3 + .

Nk Ool
_,;k _Z_(:)k

eAt

x(to) = xg

=1+ Ar+ 1A+ AP + - -
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State equation solution

X)) = AX (@) X (1)) = I xn

assume an infinite power series form for the solution

X0 =) Xet —1)"

k=0

0 ‘ 0
Y k+ DXt — 1) = A (Z X, (1 — fo)k)
k=0

k=0

o0
= ZA Xy (t — 10)*
k=0

oo
1 1
Xipi = ———AXi k20 = Xp=—A" k20 == X(1) =Y —AK(—1)*
Xo=1 ) Substituting k=0 k!
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Matrix exponential properties

1. e is the unique matrix satisfying

- 1 k k
X(t) = Z FA (t — to)
k=0 ieAr — AeA!

At| _—
dt "

€ =0 —

2. For any t; and t, eA172) = ¢Ali e Ag a direct consequence, for

any t
] = pA0) _ JAG-D) _ Al ,—Al

Thus e is invertible (nonsingular) for all t with inverse
—1 _
[ eAt] _ oA
3. A and e commute with respect to matrix multiplication, that is,

Ae?' = e A for all t.
4, [eA]T = eAthor all t.

el £ [e%i'] 5. For any real n x n matrix B, ¢4 = B! for all t if and only
if AB = BA, that is, A and B commute with respect to matrix multipli-
cation. ]

OolX Lol ;1
UNICON LAB, Unmanned & Intelligent systems Control Laboratory ' N U '_'_E" sy



Controllability

1t
x(t) = e“xo+ / e Obu(t)dt
0

3

t
x(t) = e x (1) + f e Bu(t)dr

)
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Example
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© eM =1+ At + 1A% + 1A% 4.
Xt)=) —A(t—1)" =
! _ Ak k
k=0
A 0 0 07 Ak 0 0
0 X 0 0 0 )»’5 0
0 0 An_i O 0 0 2
L0 0 0 A, 0 0 0
k0 0 07 [Zmir o
© 0 A ... 0 0 03 L
At _ = .. . . ko =
€ _Zk! Do T | =
k=0 0 0 --- Ak 0 0 0
| 0 0 0 Ak o 0
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Properties

0 !
€AI — Z%Akl‘k 0

k=0
d d 1 = 1 -
At — _Aktk=Z_kAktk—1_Az_Altl_A At
dt© dtz k! k! il ¢

k=0 k=0 i=0
— ieAt = Aet
dt

== sf{edt} —e¥ = AL{eA} = (sI—A)L{eA}=1

—  L{e4t} = (s —A)!

— et = L{(s] — A7)
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t
x(t) = e x (1) + / eI Bu(t)dr



Properties

t
x(t) = e x (1) + f eI By(t)dt

Io

a change of variables A = ¢ — 7 and took u(t) = 1 —
t Alt—) t i
t—T1 . Al !
/ e Bu(r)dr = / e“*d\B |

0 0 i '

' —
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ie“‘ = AeAt

t
J edt = j Aedtdr = et — |

t
f ed®dr = A7 (et - 1)
0

.
f edTdt B = A‘l(eAt — I)B
0




Example

: 0 1 0 e
T = [_2 _3} T+ [J u z(0) = (1,0)
y =1

First we find exp(At) using (say) Laplace transform

(sT = A)7 = [; 3113] - (51 1)1(3 gy [Sj;) i] = AT = % [

' 2

9ot _ p=2t o=t _ 2
exp(At) = [26% _9p—t 9p—2t _ 6t:|

1 —t e 2t

t
2) / e Bu(r)dr = A (exp(At) — I)B = [5 et
0

—t

et — B_Zt

x(t) = e x (1) —I-f

1)

2)

)

t
eI Bu(t)dt

edt = L{(s] — A1)

t
J ed’dtB = A" (e — I)B
0

-3 -1

Sl

26—21& o 26—1& e—t o 6—2t
A

Ny

—t -2t 1t 19t
y(t)::c(t)=[2e ) }4‘[2 ° g

W W
Zero-input response Zero-state response
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