Modern Control Theory

Kalman Filter
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State observer

State Observer:

y(k) = Cx(k)

u e y=Cr { x(k+1) = ®x(k) + Tu(k)
P Gp .

T ¢ Observer [«——

State observer
t(k+1) = ®2(k) + Tu(k) + L(y(k) — Cz(k))
Estimation error e(k) = (k) — (k)
e(k+ 1) = ®e(k) — LCe(k) = (& — LC)e(k) state observation error dynamics

The observer gain L can be chosen such that e — 0, irrespective of u (provided it's

known and used)
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State observer

I
Prediction-Correction State Observer:

An LTI system

Prediction:

Correction:

z(k) = z(k) + L(y(k) — Cz(k))
Estimation error é(k) = x(k) — Z(k)

e(k+1)= (P —dLC)e(k) state observation error dynamics

Note: &(-) convergent = e(-) = x(-) — &(-) convergent.
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Kalman filter: white Gaussian noise

Discrete Kalman Filter

Let us consider a discrete-time system

Tp+1 = Pray + wy,
yr = Cray + vy

where
wp . white sequence with known covariance, ~ N(O, Qk)
vy, - white sequence measurement error with known covariance, ~ N (0, Ry)

The covariance matrices for the w;. and v
Elwpwy] = Qr, Elwew; ]| =0 (j # k)
Elvivl] = Ry, E[vkv’ﬂ =0 (j #k)
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Kalman filter

Prediction (a priori) estimate ;.

Prediction (a priori) estimation error

e = T — Tk

Prediction (a priori) error covariance matrix

Sk = Elever] = E[(ar — Zn) (vp — Tn) "]

How to use the measurement ;. to improve the prior estimate Ty,
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Kalman filter

We choose
T = Tk + Li(yp — CrT)
where

2. - the updated (a posteriori) estimate

L. : a gain to be determined

How to find the gain L. that yields an updated estimate that is optimal in some sense

- Minimum mean-square error as a performance criterion
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Kalman filter

Updated (a posteriori) estimation error:

e = Ty — Tk

The covariance associated with the updated estimate error:

Y = Eleper ]| = E[(xg, — &p)(xp — 25) 7]

Using
T = T+ Lk(yk — C(Ek) = (I — Lk;C)i’k + Li.Cxy + Loy

e = T — Tp = (I — LkC)ék — Lpvg

we have
r = Elerel ] = (I — LpyC)Sp (I — LiC)" + LR, LY

(The a priori estimation error €;, uncorrelated with vy, E[e,v{] = 0)
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Kalman filter: optimization

Optimization:
Need to solve an optimization problem

in tr| X
e

subject to Convergence
where

i = E[ekjeg] = (I — chk)ik(f — chk)T + LkRkLg
=3, — Oy Sy, — S,CL LY + Le(ChE4,CL + Ry,) LY,

Good to note:

For A = [a] € C"*™, B = [by] € C™*™,

T

tr [A:[B} - Z Z aribpr = apnbiy + - 4 Apmbnm

k=11=1

IfA =5,
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Kalman filter: optimization

dtr[Ek;]
dLy

Optimal gain

— —Q(Okik)T + QLk(OkSkC;{ -+ Rk;) =0

L. = ikC’,’f(C;@ikC‘g + Rk)_l

(Kalman gain)

The covariance matrix associated with the optimal estimate

S = (I — LCp) Sk (I — LyCr)"

Substituting the optimal gain leads to

Y= (I — LyCy)%y
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Kalman filter

Prediction model

Tpy1 = Py

The error covariance matrix associated with Tz

Cht1l = Tha1 — Th1 = Prpap +wp — Py = Prep + wy

L : - o — T
The prediction error covariance matrix X+ 1 = E[€j11 Cg 1l

She1 = PR3 ®r + Qp

(Elexw]] =0, ey uncorrelated with wy,)
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Kalman filter

Convergence?

Assume stationary, fixed sample period process

Sipr = O80T 4 Qp = (@ — OLLOVEL(P — OLLO)V + OLLRLLL O + Qy
assures
(& — PLCYSR(P — PLLCY — S +Qr <0
Note:

- Steady state prediction error dynamics

. ¥ > 0 for the Lyapunov inequality
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Kalman filter: summary

Discrete Kalman Filter Algorithm:

e Correction update (using measurement yx):

L. = ikC}f(CkikC,f -+ Rk)_l

T = T + Li(yp — Cry)
Y = (I — chk)ik

e Prediction update:
Tpy1 = Py

Sip1 = PrIp®; + Qu
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Kalman filter: summary

Time invariant system: steady state soln.

Using
Y= - LC)Sg
and
Spi1 = 0207 +Q
we obtain

Sip1 = B — LOYS, T +Q

Let Y = XY, then

L=vycT(cyc” + R)™!

Y =& - LOYOT +Q
Substituting I — LC = I — YCT(CYCT + R)~'C leads to

Y =oYeT —oyct(cyCT + R)T'CYeT +Q
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Extended Kalman filter

Extended Kalman Filter

Most realistic robotic problems involve nonlinear functions

{ Trr1 = fr(@r, Upr1) + W

21 = hi(xr) + vy
The covariance matrices for wy and vy
Ty _ Ty _ :
Elwsw]] = Qu, Elwpw]]=0 (j # k)

Elvpvl] = Ry, ]E[fukva] =0 (j #Fk)
Efwie?] = 0 (Vk, j)
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Extended Kalman filter

Kalman Filter Revisited:

e Correction update (using measurement z;.):
_ v ~T SiazA —1 :
Ly =2, CL (Cr2iCh + Ry) (Kalman gain)

T = T + Lk(zk — C’kfk)

Y = (I — L,C1)X,

e Prediction update:

Trar1 = Py

Sia1 = P20 4+ Qy
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Extended Kalman filter

EKF Linearization: First Order Taylor Series Expansion

e Prediction:

Of (xr—1,ur)

Oxy_1

(Trh—1 — Tr—1)

f(rp—1,ur) = f(Tr—1,ur) + )
Tp_1

= f(Tp—1,ur) + Pr(xr_1 — Tp—1)

e Correction:
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Extended Kalman filter

Extended Kalman Filter Algorithm:

e Correction update (using measurement 2 ):
L = ikC,?(CkikOf + Rk)_l

S = (I — LipCL)S

e Prediction update:
Trr1 = fo(@r. Upg1)

Sir1 = I Pl 4+ Q

8f(:ck_1,uk) o c’?h(azk)

Oxp—1 Fr_1 Oxy,

D =
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Summary

Generalized plant

A |B, B (& = Ax + B,w + Bu

G=|cC..| 0 D, |:{7=Cur+D.u

C |D, 0 |y =Cr+ Dyw
Controller ) )
A. | B. T = A+ By
C. | D. u=C.2
_ Kalman filter:

_ State feedback controller
uw=—Fux
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Summary

Assumptions on the system matrix:

A1 (A B) stabilizable
A2 D..,, invertible

ZQ’J_O

>

3

>

)
) D
) D
4) (Cm, A) has no unobservable modes on the imaginary axis
B1) (C, A) detectable
2) D, DT invertible
3) D, Bl =
)

w W

B4) (A, B,,) has no uncontrollable modes on the imaginary axis
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Summary

Closed loop sys

€ A  BC.| |x B,
p— + w
) ilg il B A ||| |B.Dw
sz — ~ {
C|o M
&= [sz Dzucc:|
| 7]
Let
- A BC.| |x - B, ~
A = . B = . C — |:CZ£L’ DwCC:|
B.C A, | |2 B.D,,
and

R,=C!C.., R,=D.D.,
V., = B,B., V, = D,D}
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Summary

Optimization problem: Find (A, B.., C..) s.t. A is asym. stable and || 7%, ||3 is minimized.

Optimal controller
—B.=—L = —YC’TVy_]L : Kalman filter gain matrix
C.,=—-F=-R'B'X : Optimal state feedback matrix
A.=A+BC.— B.C=A—-BF - LC
where X and Y
ATX + XA+ R, — XBR,;'B"X =0
AY +YA" +V, — YOV, ICY =0
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