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Gradient descent

𝐽 𝛽0 , 𝛽1 =
1

2𝑚


𝑖=1

𝑚

ℎ 𝑥𝑖 − 𝑦𝑖
2

For the cost function 𝐽 𝛽0 , 𝛽1, … , 𝛽𝑛

We want minimize 𝐽 𝛽0 , 𝛽1, … , 𝛽𝑛 𝑚𝑖𝑛
𝛽0 , 𝛽1

𝐽 𝛽0 , 𝛽1

ex)

Then, how to minimize?

Start with initial  𝛽0 , 𝛽1 ex) 𝛽0 , 𝛽1 = (0,0)

Change 𝛽0 , 𝛽1 to reduce 𝐽 𝛽0 , 𝛽1, … , 𝛽𝑛 until it 
reaches at a minimum 
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Gradient descent: convergence

𝜃𝑛𝑒𝑤 = 𝜃𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃
𝐽 𝜃

𝜃=𝜃𝑜𝑙𝑑

𝜃

𝐽 𝜃

𝜃

𝐽 𝜃

𝜕

𝜕𝜃
𝐽 𝜃 > 0

𝜕

𝜕𝜃
𝐽 𝜃 < 0

𝛼 > 0

𝜃𝑜𝑙𝑑 𝜃𝑜𝑙𝑑𝜃𝑛𝑒𝑤 𝜃𝑛𝑒𝑤
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Gradient descent: learning rate

𝜃𝑛𝑒𝑤 = 𝜃𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃
𝐽 𝜃

𝜃=𝜃𝑜𝑙𝑑

𝜃

𝐽 𝜃

𝜃

𝐽 𝜃

𝛼Too small 𝛼Too large

𝛼 > 0

Too slow Fail to converge, or even diverge 
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Gradient descent: local optima

𝜃𝑛𝑒𝑤 = 𝜃𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃
𝐽 𝜃

𝜃=𝜃𝑜𝑙𝑑

𝛼 > 0

𝜃

𝐽 𝜃
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Gradient descent: procedure

𝜃𝑛𝑒𝑤 = 𝜃𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃
𝐽 𝜃

𝜃=𝜃𝑜𝑙𝑑

𝑥

𝑦
① Assume 𝑦 = ℎ 𝑥 = 𝜃𝑥

𝑦 = 𝜃1𝑥

𝑦 = 𝜃2𝑥

𝑦 = 𝜃3𝑥

② Define 𝐽(𝜃)

𝐽 𝜃 =
1

2𝑚


𝑖=1

𝑚

ℎ 𝑥𝑖 − 𝑦𝑖
2 =

1

2𝑚


𝑖=1

𝑚

𝜃𝑥𝑖 − 𝑦𝑖
2

③ Choose 𝜃𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝜃𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 0

④ Update 𝜃

𝜃𝑛𝑒𝑤 = 𝜃𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃
𝐽 𝜃

𝜃=𝜃𝑜𝑙𝑑

𝜕

𝜕𝜃
𝐽 𝜃 =

1

𝑚


𝑖=1

𝑚

𝜃𝑥𝑖
2 −

1

𝑚


𝑖=1

𝑚

𝑥𝑖𝑦𝑖where
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Gradient descent: questions

𝜃𝑖,𝑛𝑒𝑤 = 𝜃𝑖,𝑜𝑙𝑑 − 𝛼 ቤ
𝜕

𝜕𝜃𝑖
𝐽 𝜃𝑖

𝜃𝑖=𝜃𝑖,𝑜𝑙𝑑

Q1. What should human (engineer) do?

Which one is a design parameter?

Q3. How to determine the cost function? 𝐽 𝜃 =
1

2𝑚
σ𝑖=1
𝑚 ℎ 𝑥𝑖 − 𝑦𝑖

3 ??

𝑦 = 𝜃1𝑥? 𝑦 = 𝜃2𝑒
𝜃1𝑥?𝑦 = 𝜃1𝑥+ 𝜃2𝑥

2+ 𝜃3𝑥
3?

Q2. Fixed learning rate?
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Gradient descent: problem statement

Q1. What should human (engineer) do? Which one is a design parameter?

𝑦 = 𝜃1𝑥? 𝑦 = 𝜃2𝑒
𝜃1𝑥?𝑦 = 𝜃1𝑥+ 𝜃2𝑥

2+ 𝜃3𝑥
3?

𝑥

𝑦

𝑥

𝑦

𝑥

𝑦
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Gradient descent: convergence

Q2. Fixed learning rate?

𝜃

𝐽 𝜃
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Gradient descent: cost function

Q3. How to determine the cost function? 𝐽 𝜃 =
1

2𝑚
σ𝑖=1
𝑚 ℎ 𝑥𝑖 − 𝑦𝑖

3 ??
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Gradient descent: practical issues

- Feature scaling 

- Learning rate 

0.001 -> 0.01 -> 0.1 -> 1 -> 10

𝑥1

𝑥2

𝑥1

𝑥2

1000 < 𝑥1 < 3000

0.1 < 𝑥2 < 0.3

𝐽(𝑥1, 𝑥2)

𝐽(
𝑥1

10000
, 𝑥2)
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Gradient descent: normal equation

- Normal equation

𝐽 𝜃𝑗 =
1

2𝑚


𝑖=1

𝑚

ℎ 𝑥 − 𝑦 2

𝜕

𝜕𝜃𝑗
𝐽 𝜃𝑗 = 0

𝑥

𝑥0

1

1

1

1

𝑦 = 𝜃0𝑥0+ 𝜃1𝑥1 + 𝜃2𝑥2+ 𝜃3𝑥3+ 𝜃4𝑥4

- Gradient descent

- Need to choose 
- Many iterations
- Works well even large features

- No need to choose 
- No iterations & feature scaling
- Large computational cost
- Invertible

𝛼 𝛼


